GO WITH THE FLOW: OPTIMAL SAILBOAT RACING
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ABSTRACT. In this paper we will try to model the optimal path in the
historical M&M 100 Miler sailing race. Many forces impact optimal sail-
ing, including wind direction, current, and waves, making this a chal-
lenging problem to model accurately. The primary questions we work to
answer are what the simplest model is that rediscovers real sailing tech-
niques, such as tacking, and how many parameters we can add into our
model while still being able to solve it and get reasonable results. We
solve the classic Zermelo Navigation Problem assuming constant boat
velocity and fixed current drift vector field. Further iterations involve
relying on wind instead of a motor, examining square vs. triangular
sails, and adding land penalties. Our more accurate models were able
to find a path that matched the speeds of real-world sailors from the
year we got current and wind data.

1. BACKGROUND

The historic M&M 100 Miler sailing race takes place annually in Lake
Michigan, and despite its name, is about 42 nautical miles in length [Mar24].
While this is a family-centered race with no prizes or larger impact, the prob-
lem of optimizing sailing routes is an ancient one, and one that is growing
in importance today.

Triangular sails were first used in the 2nd century, and since then, deter-
mining optimal routes for boats has been a key question not just for racing,
but also for commerce, avoiding pirates, and catching commercial vessels
that are avoiding you. Now that cargo vessels are beginning to explore
adding sails to make their travel more efficient, optimal sailing is once again
a key issue in global supply chain [Pag26].

In this project we work to solve a related problem by modeling the optimal
route for the 100 Miler race. We started from the simplest case and then
increased the model complexity from there.

The primary question this paper seeks to determine is what the simplest
model is that re-discovers real world sailing techniques, particularly tacking
and jibing. Similarly, we wanted to determine the most physically realistic
model that could still be solved numerically and yield realistic results. Our
code is available on our GitHub repository [MPP26].

Date: April 18, 2026.
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FIGURE 1. The M&M 100 Miler race course.

2. MATHEMATICAL REPRESENTATIONS

In this section we go over the models we used to represent sailing dynam-
ics.

2.1. Model 1: Zermelo Navigation Problem. We first solved the clas-
sical Zermelo Navigation Problem, which involves directing a motorboat
moving at constant speed v through a body of water with a variable cur-
rent, given by the vector field w. The problem is to determine the path that
minimizes the time it takes to get between two fixed points. In this case the
control is the angle 6 between the boat’s heading and the z-axis. Our state

|: :|
y

which are simply our z and y coordinates.
The control vector, or u, is given by the x and y components of the fixed
velocity v in the direction of 4, or

HEEE

The velocity vector is the control vector plus the effects of the drift w:

x| y cos(6) n wi (z,y)
gl |sin(0)] - [wa(z,y)
This problem’s constraints are fixed endpoints and a norm for our control

u:

s(to) = so, s(ty) =sys, [ul|=v.
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Thus, the functional to be minimized is

ty
Jlu] = / 1 dt
to

subject to s = u(t) + w(s(t)),
S(to) = 8,
s(ty) = sy,
and |lul| = v.

2.2. Model 2: Square-Sail Dynamics. The next approach used simple
sailing dynamics modeled on square-sailed boats. The assumption is that the
boat moves in the same direction as the sail is facing, with speed proportional
to the exposure of the sail to the wind. The dynamics are very similar to
the previous problem, with the angle of the boat from the z-axis, 6, being
our control, and ¢ being the angle of the wind in relation to the z-axis.
The primary differences between this model and the previous one is that we
no longer have the constraint of constant boat speed and the dynamics are
slightly different:

] = =0

Also, the constraint |[u|| = v becomes ||u|| = v|cos(f — ¢)|. Intuitively
the cos(f — ¢) term is the dot product between the boat’s heading and the
wind’s direction, dictating the exposure of the sail to the wind. The rest of
the setup, including the functional, are identical to the previous one.

2.3. Model 3: Triangular-Sail Dynamics. Boats with triangular sails
work very differently from boats with square sails. Instead of being pushed
by the wind, triangular sails act similar to airplane wings: the wind blows
faster over their front than their back, causing a pressure differential that
pulls the boat in the direction the sail is facing. This allows boats with
triangular sails to sail up to about 40° off of directly upwind. However,
since the sail is assymetric, this also makes sailing directly downwind very
unstable. So there are two no-go zones, sectors of headings, relative to
the wind, toward which sailboats can’t travel. When a sailor is traveling
upwind or downwind, they zig-zag on either side of the no-go zone. Switching
directions in this way is called tacking when traveling upwind, and jibing
when traveling downwind.

This new dynamic can be neatly added to our model of Zermelo Nav-
igation (Section by making velocity a function of the wind direction
and the boat’s heading. We created a velocity function that matches sailing
speeds respecting wind direction, wind velocity, and boat heading.

The cost function J is identical to previously, but the constraint that
& = f is now given by
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w2 (.’1?, y)

Where ¢(z,y) gives the x and y components of the velocity of the wind.
v(0(t), p(x,y)) is a function of both wind and boat heading which returns
the speed of the boat in the direction it is heading. Multiplying by cos(#)
and sin(0) splits the velocity vector of the boat into its  and y components.

. d
Both (6, ¢(x,y)) and w(z,y) have units 9.

-t s8]« [

2.4. Model 4: Acceleration and Land Penalties. Each of the previous
models assumed that wind and current directly determine a boat’s veloc-
ity. However, it is more accurate to model these as changing the boat’s
acceleration instead.

To model this more accurate dynamic, we track two extra states:

T T 0
d iyl _ ] L]0
dt |z a(0(t), d(x,y)) cos(0) w1 (x,y)

y a(0(t), o(x, y)) sin(6) wa(z,y)
Where instead of determining the velocity with wind and heading depen-
dent v, we determine acceleration with wind and heading dependent a. Both

a and the w(z,y)’s have units ﬁ%.

Optimized Route--Total time: 0.29 hours Optimized Route--Total time: 30.12 hours Optimized Route--Total time: 19.96 hours

FIGURE 2. Optimized routes for the square-sail boat (left),
triangular sail with velocity-based relation (middle) and
acceleration-based (right) models. Since the square-sailed
boat can’t travel upwind, it can only sail the legs shown.
The final leg of the velocity-relation model is not shown as
it could not be computed.

3. SOLUTIONS

In this section we solve the optimal control problems from the previous
section and explain the numerical methods we used to compute optimal
paths.
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3.1. Models 1 & 2. Under the dynamics we assumed in Section our
functional will be given by
ty
Ju] = / 1dt
to

subject to § = u(t) + w(s(t)),

s(to) = so,
s(ty) = sy,
and [[ul = v,

For the sake of making future problems simpler to solve, we assumed that
v is a function, represented by v(0(t), ¢(x,y)), indicating that the velocity
of the boat is impacted by the boat angle and the wind angle. Here, ¢(z,y)
returns the horizontal and vertical components of wind velocity at the point
(x,y). Similarly, we let the wind and current be variable here, enabling us
to solve two approaches simultaneously. So, the Hamiltonian is given by

H =T <v<0<t>,¢<z,y>> [n(( ((Qi] n [‘;Eigg]) 1
B w(0(0), d(z.y)) cos(8(t)) + wi (z.9)]
=[x me o(z,y)) sin(6(2)) + wiuzy)] !

= A1 (v(0, ¢) cos(0) + w1) + A2 (v(0, @) sin(0) + wz) — 1.

So the costate evolution equations, and Pontryagin’s Maximum Principle,
will yield

(0, o
- U(Q, ¢

sin
. ov
A= —)\ (8 cos (6

6w1)
Ao ==\ (87} cos(# aw1> ( sin(0) + 8w2)

cos(0) + wi(x,y)

)
)sin(0) + wa(z, y)

Jdy y
OH ov
50 = =\ <80 cos(f) — vsm(9)> + A2 ( sin(9) + vcos(@)) =0.

The result is also subject to the boundary conditions
so = s(0) and s¢, = s(ty),

with H(ty) = 0 since there is no final time cost.

We implemented this using scipy.integrate.solve_bvp. In order to
determine the optimal end time we treated it as a parameter and normalized
the problem to go between the times 0 and 1.
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The solution for the setup given in Section is almost identical to the
previous problem, just with the cos(6 — ¢) terms accounted for; and indeed,
we can account for that in the arbitrary velocity function used here. We
were able to solve it similarly using scipy.integrate.solve_bvp.

3.2. Model 3: Triangular-Sail Dynamics. Given the dynamics described
in Section the Hamiltonian is given by

H:A@T@wmwa Eﬁ Bﬂﬁiibl

B w(0(0), d(z.y)) cos(8(t)) + wi (x.9)
‘“lMwaa ) sin(6(0) + ws(z.g)| 1
= A (v(8,¢) cos(0) +w1) + A2(v(0, @) sin(f) + we) — 1.

So the costate evolution equations and 8 are given by

AN = _0H =—-\ <8v cos(9) + 8w1> — X <8v sin(f) + 8wQ>
x

Oz 0 Or Oz Oz
o 2 (Y oy (9 Owy
Ay = — 9y A <8y cos(0) + 3y > Ao <8y sin(6) + By >
OH v . v
50 = A1 <89 cos(f) — vsm(9)> + A2 <89 sin(6) + vcos(0)> =0.

Also, since there is no final time cost, we have the endpoint condition
that

H(ty) =0

We implemented this formulation as a boundary value problem using
scipy.integrate.solve bvp. However, since the optimal solution dis-
continually switches between headings while going upwind or downwind,
the solution has sharp corners which break scipy.integrate.solve_bvp,
which expects smooth solutions.

To mitigate this issue, we switched to implementing this problem as an
interior point optimization problem, and used the solver implemented by
the IPOPT package, with Julia’s JuMP optimization package. This solver es-
sentially minimizes an objective function subject to equality and inequality
constraints using a form of Newton descent. Our objective function was sim-
ply total time, and the # = f relation was implemented as a leapfrog Euler
discretization of the two-state system, on each time-step of the solution. For
i=1,...,N — 1, we enforce the constraints:

(N =1)(@it1 — x;) =T - v(bs, i, yi) cos(6)
(N = 1) (¥i+1 — i) =T - v(0i, 5, y;) sin(6;)
Where N is the number of timesteps, 7' is the final time, so % is effectively

L
At
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This implementation is, unsurprisingly, very finicky depending on initial
guesses. Our initial guess is somewhat crude but works well. The path
from beginning to end is initialized as a straight path, and 6 starts a bit
outside of the up-wind no-go zone on one side, and switches to the other
halfway through the path, simulating a single tack. That initialization broke
for legs of the race that do not require a change of direction (2, 3, 9, 10),
and for those we initialized with a single heading. Leg 11, which requires
a tack, broke the solver regardless of initialization. We tried tuning several
hyperparameters such as mesh size, tolerance, and maximum iterations.

This implementation mostly worked well and handled the discontinuous
nature of the solution effectively. However, initially, when traveling in a near-
upwind or near-downwind direction, the solution switched rapidly between
headings, which is an unrealistic route for a physical boat. As such we added
a penalty term to the objective that penalized changes in heading.

3.3. Model 4: Acceleration and Land Penalties. We will again work
out the details of Pontryagin’s Maximum principle before discussing our
implementation. With the # = f relation as described in Section the
Hamiltonian is given by

H = M2+ X2y + A3(a(6, ¢) cos(0) + w1) + Aa(a(8, @) sin(f) + we) — 1.
And so, with the Hamiltonian equations and by Pontryagin’s Maximum
principle, the costate evolution equations and %—Ig are given by

}\1 = —Ag (aa 8¢ COS(Q) + awl) - )\4 <8a a¢ n(@) + awg)

¢ Oz Ox ¢ Oz > ox
= Oa 0¢ Oy 9a 09 Oz
Ao = =3 <8¢aycos(9)+ c')y) A1 <8¢8ysm(9)+ By >
A3 =\
A==\
OH da . Oa . .
50 = A3 ((% cos(f) — asm(9)> + A ((99 sin(0) + acos(0)> =0.
And since there are still no endpoint penalties, we have that
H(tf) =0

The implementation of the model described in Section however, is
very similar to the previous. The only difference is the acceleration func-
tion a in place of the velocity function v. It was a little trickier since the
acceleration applied to the boat by the wind depends not on the absolute
wind-speed but on apparent wind speed, or the wind speed experienced by
the boat. Otherwise the boat would continually accelerate forever on any
fixed heading. We used the estimation that a racing sailboat would take 30
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minutes on any given heading to reach maximum speed on that heading,
and added the appropriate multiplicative factor.

As in the previous implementation, we incorporate the & = f relation
via a standard leapfrog-style Euler discretization of the 4-state system. For
i=1,...,N — 1, we enforce the constraints:

(N = D)(zip1 — ) =T
(N = 1)(Yir1 — vi) = Ty
(N = 1) (#i41 — &) = T - albs, @i, Yi, Ti, Yi) cos(6;)
(N = 1) (@i+1 — 9:) =T - al0i, i, yi, i, Ys) sin(6;)

We used the same initial guess as for the previous model. This im-
plementation still switches between directions but does so smoothly. The
acceleration-relation was friendlier to the solver than the velocity-relation,
and ran quickly without needing any alternate initializations.

3.4. Land Penalties. The interior point problem formulation made it very
simple to add in coastline constraints with the IPOPT solver, which we used
for models 3 and 4. We used WebPlotDigitizer to find points along the
coastline, then polynomially interpolated to create functions that repre-
sented the coastlines. Then we added time-step-wise constraints like so:
Fori=1,...,N — 1, we enforce the constraints:

(yi) < north(x;)
(yi) > south(x;)

Where north() and south() are the interpolated functions representing the
north and south coastlines, respectively.

For numerical solutions to the optimal control problem, we can implement
different types of land penalties as different cost functions that penalize the
boat for getting too close to land. Modeling each island as an ellipse and each
coastline as a sequence of lines segments along the coast, possible choices
for the two different land penalties include

1 1
n d Ceoas s = 75
v et eyt M oot

ar’
where d is the calculated closest distance from the boat to the nearest point
along the coastline interpolation. The widths and center of the island can
be controlled with (c;,¢,) and (rz,7y). The steepness of the penalty can be
controlled with n.

While these constraints were simple to add to the implementations, they
complicated an already messy nonlinear optimization problem, and made
several of the legs locally infeasible for the initial guesses we used. This
issue was especially pronounced for the version that related acceleration to
wind and heading.

Cisland(xuy) = ((
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3.4.1. Derivation of KKT Conditions with Land Constraints. Let’s suppose
that we have land constraints for the islands and coastlines to prevent
the ship from entering certain exclusionary zones around the land masses.
We can define each exclusionary zone as its own inequality constraint, i.e.,
h(z,y) < 0. The modified Lagrangian becomes
& = H — p(t) h(z,y)
= M& + Aoy + Az(a(0, @) cos(0) + w1) + Aa(a(B, @) sin(0) + we) — 1
—p(t) h(z,y).

The position costates then become

. oH +0h
A1 = e + w(t) %
. oH +oh
Ao = Dy + p(t) oy

where —%—’;I and —%—5 are as derived before for the original position costates.

The velocity costates A3 and A4 remain unchanged as the inequality con-
straints don’t depend on & or . The KKT conditions then become

0Z
= -0
00 ’
h(z,y) 20, p(t) =0, and p;(t)h;(z,y) =0 Vj.
Note that the stationary condition %% = 0 remains unchanged from the

unconstrained situation as the constraints do not depend on 6.

4. INTERPRETATION

While the simplest two models we worked with were not able to rediscover
real sailing techniques, the more complicated ones were. By speciying exact
waypoints throughout the race course to travel through, the boat is able to
travel in a somewhat realistic race path.

4.1. Comparisons of Results. The solution to the Zermelo Navigation
problem was more of a warm-up for the paper than an intended solution, so
we don’t compare it to the other models here.

As soon as we incorporated a relation between wind and heading that
was similar to real racing dynamics, we found optimal paths that tacked
or jibed once. With our model that related wind and heading to velocity
directly, we got discontinuous, jagged paths with sharp corners. When we
related wind and heading to acceleration, which is physical, we got curved,
drifting paths that the boat followed, but still with a single tack or jibe.
The simplest sailing approach did not discover tacking or jibing, since we
made assumptions that made it impossible for the boat to go upwind.



10 CONNOR MCBRIDE, ETHAN PALENSKE, JACKSON POND

4.2. Potential improvements. While we accounted for the impact of cur-
rent, we did not account for the impact of waves on sailing. Similarly, we did
not examine the impact of other racers, wind shadows (wind going slower
after passing over land), bad weather, and friction. There are many paths
that could be explored further, although at some point it becomes a problem
of optimizing boats and not routes.

In reality, the fastest sailors do not follow paths like the ones that we
found. Since wind shifts direction and speed, sailors switch direction more
often both to take advantage of shifts and to account for potential future
shifts. Additionally, right-of-way rules incentivize racers to switch directions
more often both to stay out of the way for other racers and to force other
racers to change their trajectory. However, if it were known that wind would
be constant, as in our formulation, and there were only one sailboat, a single
tack per race leg would be perfectly reasonable.

4.3. Impact. With continually growing concerns about the impact of fossil
fuel use on the environment, and with the ever-present motivation to cut
costs, the impact of cutting shipping emissions using sails cannot be over-
stated. One company, Vela, is already using a 100% wind-powered ship with
triangular sails to transport cargo across the ocean faster than other ship-
ping vessels. Not only does the prototype, a type of trimarian, cut down on
emissions, it also is much quieter, less disturbing to wildlife than traditional
shipping, and individual boats can cross the Atlantic 2-4 times faster than
traditional cargo ships [Pag26].

As this technology grows more widespread, the problem of determining
optimal sailing routes will once more be extremely important to global com-
merce, making markets more efficient and helping to combat global climate
change.

5. FERPA RELEASE

We give Dr. Jarvis and other instructors at BYU teaching ACME classes
permission to share our project as an example of a good project in future
classes they teach.

e Connor McBride
e Ethan Palenske
e Jackson Pond
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